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Abstract 
The non-homogeneous cubic  equation with three unknowns represented by  

322 274)(25)(3 zyxxyyx    is analyzed for finding its non-zero distinct integral solutions. Three 

different methods have been presented for determining the integral solutions of the non-homogeneous cubic  

equation under consideration. Employing the integral solutions of the above equation, a few interesting relations 

between special numbers are exhibited.  
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     Introduction 
Integral solutions for the cubic homogeneous or non-

homogeneous Diophantine equations is an interesting 

concept, as it can be seen from [1,2,3].In [4-24],a few 

special cases of ternary cubic Diophantine equations 

are analyzed. In this communication, we present the 

integral solutions of yet another cubic equation  
322 274)(25)(3 zyxxyyx    along with a 

few interesting properties 

Notations: 
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Method of analysis  

Consider the non-homogeneous ternary cubic  

Diophantine equation                    
322 274)(25)(3 zyxxyyx                   (1)                                                    

Introducing  the  linear transformations  

vuyvux  ,                                         (2)    

 in (1),it is written as    
322 2711)2( zvu                                           (3)                                                                                       

We employ different ways of solving (3) and thus, 

different patterns of integer solutions to (1) are 

illustrated below. 

 

Pattern:I   

  Write 27 as   

  )114)(114(27 ii                                    (4)                                                                                  

Assume 

  22 11baz                                                       (5)                                                                                                            

where a and b are non-zero distinct integers.  

Using  (4) and (5) in (3) and employing the method 

of factorization, define               
3)11)(114(11)2( biaiviu          

Equating real and imaginary parts in the above 

equation, we get, 

   
3223 1213313242 bbaabau   

  
3223 441233 bbaabav   

Substituting the values of u, v in (2),we have            

277211655),( 3223  bbaababax            

216545993),( 3223  bbaababay            (6)                                      
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Thus  (5) and  (6) represent the non-zero distinct 

integer solutions of (1). 

 

Properties: 

 )2(mod021216)1,()1,( ,4
5  aaa tSPayax

    

  
)308(mod5253

121),1(),1(),1(





rb

b

P

Sobzbybx
 

   
)10(mod74

208)1,()1,(

,3

5





aa

a

tS

Paazaax
    

 23819839666)1,()1,( ,4,3  aara ttPaxay

 is a cubical integer. 

 4270540162),1(5),1(3 ,4
5  bbb tPSobybx

 

 brbbb tPPSobzby ,4
5 15437282),1(),1( 

 is a nasty number. 

  8910)2,1(  n
n Kyz  is a perfect square. 

 

PATTERN: II 

 

Instead of (4),write 27 as          

     
4

)1133)(1133(
27

ii 
                         (7)                                                          

Substituting  (6)  in (3) and  proceeding as in Pattern 

I, the non-zero distinct integral solutions to (1) are 

given by 

         216545993),( 3223  bbaababax     

         3223 1212182),( bbaababay       

         22 11),( babaz            

          

Properties: 

  35931986)1,()1,( ,4,3
5  aaa ttPayax  

  397566),1(),1( ,4
5  rbbb PtPbybx  

 370196)1,()1,()1,( ,3  aa tSoazayax   

is a cubical integer. 

  796)1,(2)1,(108  ayaz  is a nasty number. 

 

 

 

PATTERN: III 

Write the equation (3) as    

1*2711)2( 322 zvu                                       (8)                                                                               

1 can be written as  

                

22
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                                                                                 (9)                                                                                         

  Using   (4),(5)  and (9) in (8)  and proceeding as 

above, the non-zero distinct integer  solutions  to  (1)  

are  obtained as                         

                

2)]6051652317)(12(

)77211655)(522[()622(),(

3223

3223222





bbaaban

bbaabannnnbax

2)]3639949515)(12(

)16545993)(522[()622(),(

3223

3223222





bbaaban

bbaabannnnbay

   ]11[)622(),( 2222 bannbaz   

For simplicity and clear understanding, we present 

the solutions with the properties 

 when (i) n=1  and (ii) n=2. 

For n=1,the corresponding integer solutions to (1) are                  

2]55152648[144),( 3223  bbaababax

2]77211655[216),( 3223  bbaababay  

]11[36),( 22 babaz   

Properties: 

 92164464)1,()1,( 5  aPayax  is divisible 

by 2. 

 2174960349920104976),1(16),1(15 ,4
5  bbb tPSobybx

 

 1539650)1,(2916)1,(16)1,(15  azayax  

For n=2,the integer solutions to (1) are 

2]86923742913[200),( 3223  bbaababax

2]2316339612[400),( 3223  bbaababay

]11[100),( 22 babaz           

Properties: 

 81400972002004400)1,()1,( ,4,730
5  aaa ttPayax

 

 )5(mod0814001628000),1(66),1(),1( ,4
5  bb tPbzbybx

 

 )2(mod044000532400),1(),1( ,3
5  bb tPbybx

 

Conclusion 
It is worth to note that using (6) and (8) in (7) and 

proceeding as in pattern. III, we get a different set of 

non-zero distinct integral solutions to  (1).As the 

cubic equations are rich in variety,one may search for 

integer solutions to other choices of ternary cubic 

equations as well as cubic equation with 

multivariables(>3).    
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